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Climate addendum:
 Atmospheric physical relationships
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Gas Laws in Meteorology: 
Deriving the Equation of State

 Basic definitions:

– Density:                      ρ = M/V, M=mass, V=volume

– Boyle's Law:               PV = P'V' = k (relates pressure and volume)

– Gay-Lussac:               V-V
o
 =  V

o
αpt (relates volume and temperature

                                                             (constant pressure, αp= coefficient of expansion          

V = V
o
 (1+α

p
t)

V = V
os

 (1+α
ps

t) (standard pressure) 

Object is to relate the variables of Pressure, Volume, Mass
And Temperature as they relate to gases:



  

Relating Temperature, Volume, 
Pressure

Combining Boyle and Gay-Lussac relationships:

PV = P
s
V

s
 = P

s
V

os
(1 + α

p
t), relating standard pressure, volume, and temperature

                 = P
s
V

os
α

p
(1/α

p
 + t)

If   P
s
V

os
α

p  
are all constant, then represent by C, also, 

1/α
p
+ t = 273 + t = T, therefore:

                                   PV = CT



  

The Equation of State in 
Meteorology

Relating the equation of state to moles and Mass:

ν=volume occupied by 1 mole

ν=V/n (any volume / number of moles) or V=nν

C=nR                                PV = nRT

M, V, m ----->  Mass, Volume, gram-molecular weight

 n=M/m  ------------->  PV = M/m RT

 From the definition of density: V/M = 1/ρ = α

 ---------> Pα = R/m T --------------> P = ρ R/M T



  

Equation of State with respect to 
Water Vapor (e)

                              e=ρ
w
R/m

w
 T (e is the partial pressure of water vapor)

--------------------->    ρ
w
=(em

w
)/(RT)

                                 P
d
=ρ

d
 R/m

d
 T (equation of state for dry air)

----------------------->    ρ
d
=(P

d
m

d
)/(RT)

* An increase of water vapor decreases the density of air

* An increase in temperature also decreases the density 
of air.



  

Virtual Temperature
Definition: Temperature of dry air having the same pressure as the 

density of moist air.

ρ
w
=(em

w
)/(RT), ρ

d
=(P

d
m

d
)/(RT) (combining the two equations of state):

---------> ρt = ρ
w
+ρ

d 
------> = (em

w
 + P

d
m

d
)/(RT) note: P= P

d
+e, P

d
=P-e

---------------------> = (em
w
 + (P-e)md)/(RT)

---------------------> = (em
w
 + (Pm

d
-em

d
)md)/(RT) X Pm

d
/Pm

d

--------------------> = Pm
d(
((em

w
/Pm

d
)+(1-e/P))/RT, (m

w
/m

d 
=18/28.9) = 5/8     

                                                                                                                             molecular weights of wet and dry air

---------------------> = (Pm
d
/RT)(1-(3/8(e/P)), (5e/8P

m
) + 1 – (8e/8p) = 1- 3e/8p



  

Virtual Temperature

If we call T* = T/1-(3/8*e/P), then ρ = Pmα/RT*

         Also e/P is a function of the specific humidity       (q) or  T* = 
T/1 – 3/5*q

By means of the virtual temperature it is possible to use the 
equation of state in terms of the total pressure and the 
'molecular weight' of dry air

Pα = (RT*)/m
d
   or P=ρRT/m

d
   (remember, m

d
 = 28.9)



  

Meteorological Thermodynamics

Definitions: Internal energy of a mass of a gas defined as the total energy 
of all the molecules in that mass and is proportional to Temperature

Internal Energy (dE) can be changed by adding heat (dQ) or performing 
work (dW) (such as compression)   --------> dE = dQ + dW

This is a statement of the First Law of Thermodynamics

                     



  

Analyzing the 'dW' (Work) term or 
Compression

Work done on a gas (compression) is expressed as pressure (P). Pressure 
is defined as the Force per unit Area:

                 P = F/A   or   F = PA

P

P
P

dn
(change in distance)



  

Continuing with the 'Work' term..

------>  dW = F dn  change in work is the force (F) acting on the distance (dn)

Since  F = PA

Then   dW = PA dn

And     -dV = A dn

Then   dW = -P dV change in work defined in terms of pressure and volume

------------------>   dE = dQ - P dV substituting for dW into the first law relationship



  

Continuing with First Law 
substitutions..

--------------> dQ = MC
v
dT  (mass  X specific heat at constant volume X  change in temp)

----------------> First Law = dE = MC
v
dT if volume is constant ie PdV = 0

----------------> MC
v
dT = dQ – PdV,

At constant pressure, then,

---------------> dE  = MC
v
dT = MC

p
dT – PdV

Or -----------> M(C
p
-C

v
)dT = PdV



  

The First Law and the Equation of 
State

-------------> the equation of state: PV=nRT

As a differential equation: P dV + V dP = nR dT

In a constant pressure process dP = 0, so:

-------------> P dV = nR dT

Also,  from M(C
p
-C

v
)dT = P dV, substituting for P dV

---------------> M(C
p
-C

v
)dT = nR dT (temperature change is canceled)

---------------> C
p
-C

v 
= nR/M = R/m where m = the gram-molecular weight,(n/M) = (1/m)

--------------->  C
p
/C

v 
= 1 + R/mC

v 
defining the ratio of specific heats



  

Atmospheric considerations..

With volume measurements being difficult in meteorological 
applications, it is convenient to consider:

-------------> MC
v
dT = dQ – PdV

Dividing by M -----> C
v
dT = dQ/M – PdV/M, (v/M = α)

--------------> dq = C
v
dT – Pdα

Heat change per unit mass                                            change in specific volume

Considered the general expression for the 
conservation of energy



  

Towards a formal definition of the 
first law of thermodynamics

------> the equation of state, Pα = R/m T remember, α=1/ρ

Differentiating -----------> P dα + α dP = R/m dT

--------------------> P dα = R/m dT – α dP

--------------------> dq = C
v
dT + R/m dT – α dP

Since Cp- Cv = R/m, then CP =  Cv + R/m

Noting that ------->  dq = (Cv + R/m) dT – α dP

Then: ---------------> dq = CP dT – R/m T dp/p



  

Adiabatic Processes

- Processes where no heat is added or taken away, that is, dq = 0

Using the definition for entropy, S

---------------> dS = dq/T = C
p
dT/T – R/m dP/P =0

                                      = C
p
dT/T = R/m dP/P



  

Adiabatic Processes cont'd

Continuing  with C
p
dT/T = R/m dP/P:

Integrating:  -------------->

         

------> C
p
 lnT/T

o
 = R/m lnP/P

o
 = R/m lnP – R/m lnP

o

------> C
p
 lnT/T

o 
= R/m lnP/P

o

(T/T
o
)Cp = (P/P

o
)R/m

T/T
o 
= (P/P

o
)R/mCp, where R/mCp = 0.286

T/T
o
 = (P/P

o
)0.286



  

The Hydrostatic Equation
-----------> Relating pressure with height

 dP = dP/dz = -gρ dz = -g Pm/RT dz

From C
p
 dT/T = R/m dP/P,   dP = C

P
 dT/T * m/R P

And the hydrostatic equation: dP = -g Pm/RT dz

We have ------------------------> α T = -g dz/C
p

Where -g/C
p 
 is the dry adiabatic rate of change

Or  1˚/100m, AKA the dry adiabatic lapse rate



  

The Hypsometric formula

-----> dP = - gρ dz, the hydrostaic equation

-----> ρ = Pm
d
/RT*, the equation of state

Combining ---------> dP = - Pm
d
/RT* g dz

------------------------> dP/P = - m
d
/RT* g dz

Most common to express: dP/P = -m
d
g/RT* (z

2
-z

1
)

Integrating, we get : ln P
2
- ln P

1
 = -m

d
g/RT* (z

2
-z

1
)

Or -----> z
2
-z

1
 = RT* / m

d
g (ln P

2
- ln P

1
)

ie. the hypsometric formula



  

Potential Temperature and the 
Stability of Dry Air

Definition:

         From T/T
o
 = (P/P

o
)R/md Cp = 0.286

       Θ = To = T (1000/P)0.286) at Po = 1000mb

The potential temperature (θ): sample air would 
achieve an actual temperature equal to its 
potential temperature when brought dry-
adiabatically to a pressure of 1000mb ---> dry-
adiabatic lines (tephigram) constant potential-
temperature lines – each can be designated 
according to its potential temp. ( also known as 
isentropic lines or no entropy change).



  

Potential Temperature and the 
dry-adiabatic process

A dry adiabatic process in the atmosphere is a constant potential 
temperature process (follow the line), this process is valid at all 
relative humidities below 100% - process is valid until saturation is 
reached

The principle cause of adiabatic cooling is upward motion. The cooling 
rate is 1 degree C for every 100 m of lift.



  

Dry adiabatic vs. environmental 
lapse rates

The environmental lapse rates (temperature profile) is obtained via 
radiosondes on balloons. It is the current temperature profile of the 
atmosphere.

•  If the temperature lapse rate is the same as the 
adiabatic lapse rate it has a dry adiabatic lapse rate

• If it is greater then it is called the super adiabatic lapse 
rate



  

Environmental lapse rate and 
atmospheric stability

Stability is defined as that condition in the atmosphere in which 
vertical motions are absent or definitely restricted.

Instability is defined as the state where in vertical movement is 
prevalent.

The surrounding atmosphere is defined as stable or instable 
depending on whether the temperature lapse rate brings 
about a decrease or increase of the buoyancy forces on an 
upward-moving parcel of air



  

Atmospheric Stability

P

P
o

100m

100m

10℃ 11℃ 12℃

0

A. Stable
Atmosphere,
Parcel returns
To point 0

Ɣ

Adiabatic
Lapse rate

Ɣ
o

B. Unstable
Atmosphere,
Parcel continues
Rise from point 0

Ɣ



  

Atmospheric Stability con't

 Comparing lapse rates:

    

     Ɣ < Ɣo = stable                                      

     Ɣ = Ɣo = neutral            

     Ɣ > Ɣo = unstable

> 0

= 0

< 0

Since the dry adiabatic rate
Is a line of constant temperature



  

Potential Temperature as an 
expression of State

A practical way to represent the equation of state in the atmosphere is in 
terms of temperature pressure and potential temperature.

-------------> ϴ = TP-R/m Cp = T(α/α
o
)R/m Cv

Using the logarithmic form:

-------------> lnθ = lnT – R/mC
p
 lnP +R/mC

p
 lnP

o

In differential form:

-------------> dθ/θ = dT/T – R/mC
p
 dP/P
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